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Summary of important quantities
Description example graph

cdf Reliability functioncdf Reliability function
or

Survival function TR t   t
TR t e 

Failure probabilitycdf
Failure probability
Lif ti di t ib ti TF t   1 t

TF t e  Lifetime distribution
function

pdf

 TF t

 

 T

Probability to fail
Between t and t+dt Tf t   t

Tf t e  

Pdf
Failure rate or
Hazard function h

 h t  t
Hazard function

cdf
Number of failures

 h t
 

 Number of failures H t   ·H t t
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And finally: Bayes theorem



F th “ lti li ti ” f b bilit

 , ( )· ( | )prob A B prob A prob B A

From the “multiplication” of probability:

di idi th t ti t
 , ( )· ( | )prob A B prob B prob A B

dividing the two eqations we get:

Bayes theoremBayes theorem
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prob B

That help us to reverse probabilities...



Bayes theorem

   | ( )
|

( )
prob D H prob H

prob H D
b D

 
( )prob D

Posterior prob(H|D):Posterior prob(H|D):  
What you want to know is the probability that your hypothesis is true given the data

Likelihood (or L) prob(D|H):Likelihood (or L) prob(D|H):  
What you know is yout hypothesis. And therefore you can calculate the probability that
your data “gathers” around your hypothesis

Prior prob(H):  
You might want to include any prioir information about your hypothesis

Evidence (E) prob(D):  
Is “simply” a normalization factor... we will come back when doing model selection



Bayes theorem

The ubiquitous χ2

Bayes theorem

P iLikelihood Prior
Our forehand knowledge

e ood
Probability that our data
describes the hypothesis 

)()|()|( HPHDPDHP 


)(
)|(

DP
DHP 

Posterior
Probability that the hypothesis is true

Evidence
Normalization factor

given the experimental data
Normalization factor

In our case is very simpleIn our case is very simple...



Bayes theorem

The ubiquitous χ2

Bayes theorem

M i i P iLikelihood Maximum ignorance Priore ood
Probability that our data
describes the hypothesis 

)()|()|( HPHDPDHP 
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)|(

DP
DHP 

We only care about proportionality
Posterior

Probability that the hypothesis is true
given the experimental data



The ubiquitous χ2

( | ) ( | )prob H D prob D H L 
Thus, assuming a maximum ignorance prior:

( | ) ( | )prob H D prob D H L 
But what is exactly H, in practice?

It is a function and the parameters inside it

( , )i iH a b a bx 
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Parameter estimation

We would like to estimate the best estimate of a quantity, given some data. 
Let’s define the posterior as:    |prob X data P

0

0
X

dP
dX


The best estimate of X is given by
a maximum in its probability and thus

0

We want now to expand P as a Taylor series, 
since P varies too fast we take the logarithm of P

   ln( ) ln |L P prob X data 
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   The Taylor expansion of L is:
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Taking the first term we get for P:
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Where is always negative, so: no problem ;‐)

X X  0X X   Value plus error comes from a Taylor series
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Let’s perform tests to quantify risk analysis...
b f d h h !!!!before sending the ISS to the space!!!!



Types of tests:
Let’s assume that we perform a test on n=4 componentsLet s assume that we perform a test on n 4 components

Complete data sets

Censored data sets

Right censored Interval censored Leftcensored



Types of tests:
Test plansTest plans

Type I
Testing up to a given time t0

Type II
Testing up to a given r th failureTesting up to a given time t0  Testing up to a given r‐th failure

They can also be with (R) or witgout (W) replacement



Determine the failure ratio λ, or its inverse, theMean Time To Failure MTTF  τ
for n equal units in the case of non censored datafor n equal units in the case of non‐censored data

We calculate the likelihood that
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Determine the failure ratio λ, or its inverse, theMean Time To Failure MTTF  τ
for n equal units in the case of right censored data type I ( l )for n equal units in the case of right‐censored data type I (until t0)

We calculate the likelihood that
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failure time right‐censored

we take the logarithm  ln ln lnr TL e r T    

 ll TL  we make the derivative    lnln ln r T r TL re T  


  
  

   
 

we set it to zero (find the maximum) 0ˆ
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we finally find themost probable value for λ ˆ r
T

 



Determine the failure ratio λ, or its inverse, theMean Time To Failure MTTF  τ
for n equal units in the case of right censored data type II ( l f l)for n equal units in the case of right‐censored data type II (until r units fail)

We calculate the likelihood that
r n

    1 1

1 1

| |
i i

i i r

r n t t
r r T

i i
i i r

L f t R t e e e
 

     

 


  

 
   

f il i ht d

 
1

n

i r
i

T t n r t


  

 T
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we finally find themost probable value for λ ˆ r
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...BUT YOU DO NOT WANT TO STOP PRODUCTION until r components fail

Determine the failure ratio λ, or its inverse, theMean Time To Failure MTTF  τ, ,
for n equal units in the case of right‐censored data type I (until t0)

WITH REPLACEMENT

Let’s do it for a single component n=1 that is replaced each time it fails

     2 1 3 2 0 01 ... rt t t t t t tt rL e e e e e              

n=1

for n components... for n components
0ntr r TL e e     0T nt n>1

doing the same calculations as before...

we finally find themost probable value for λ ˆ r
T

 



...BUT YOU DO NOT WANT TO STOP PRODUCTION until r components fail

Determine the failure ratio λ, or its inverse, theMean Time To Failure MTTF  τ, ,
for n equal units in the case of right‐censored data type II (until r‐th failure)

WITH REPLACEMENT

Let’s do it for a single component n=1 that is replaced each time it fails

     2 1 3 2 0 01 ... rt t t t t t tt rL e e e e e              

n=1

for n components... for n components
0ntr r TL e e     rT nt n>1

doing the same calculations as before...

we finally find themost probable value for λ ˆ r
T
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 summarizing: We want to keep the notation
T

so, we change the meaning of T...

Censored Type I Censored Type II
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Confidence intervals: the general case

Let’s consider a PDF:

f
pd

f

Relation with probabilities
b

xa b


b
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1)(xf
Therefore

P‐value for b (one side) 


 dxxfbxp )()( 
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Central limit theorem

The distribution of the mean tends to be gaussian when increasing nThe distribution of the mean tends to be gaussian when increasing n
no matters the pdf that originated the mean!!!!

This is the good and the bad thing from statistics is based on the normal PDF!!!!



Standard Normal distribution
Standard Normal distribution (μ=0, σ=1)
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Z follows a standard normal distribution function... 



Normal distribution

Confidence intervals: the normal case
Normal distribution

  







 
 2

2

2
exp

2
1)(

xx

xxf





),()( Nxf 

Relation with probabilities
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P‐value for normal distribution for a value a: is related with the variance










 %2.68)()( dxxfxp xx

So we have a relationship between confidence intervals and probability!p p y

There is a 68,2% of chances that your real value is inside your “error “
(assuming that x has a normal distribution;‐)



standard normal table



Confidence interval: 1‐2α

1 2 
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ProblemProblem
failure ratio does not follows a normal distribution!!!

ˆ r
T

 

but 2λT does follow a given distribution Let me proudly introduce you the

Solution
... but 2λT does follow a given distribution. Let me proudly introduce you the

chi‐square distribution



Chi‐Squared distribution

Do you remember the normal distribution:
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We minimize Z2 in order to find μ... the following question arises:

What is the PDF for Z2 itself?



Chi‐Squared distribution
If Xi follow a standard normal distribution then

22
3

2
2

2
1

2 ... kXXXX 

follow a so called χ2 distribution with k degrees of freedom defined as:

2/12/·)( xk exAxf   22
1

2/ kA
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2max;2var;  kkk

If k∞ then k2 
f ll d d l di ib i i 2 f ll N(k √2k)If k∞ then

k2 follows a standard normal distribution , i.e. χ2 follows N(k,√2k)



2 T is χ2 distributed with k degrees of freedom

Type I (fixed t ) Type II (fixed r)Type I (fixed t0)
k=2r+2

Type II (fixed r)
k=2r

Let’s now calculate the confidence limits:

Type I (fixed t0)

ONE SIDED (lower limit)

Type I (fixed ryp ( 0)
k=2r+2
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2 T is χ2 distributed with k degrees of freedom

Type I (fixed t ) Type II (fixed r)Type I (fixed t0)
k=2r+2

Type II (fixed r)
k=2r

Let’s now calculate the confidence limits:

T I (fi d t )

TWO SIDED (lower and upper limit)
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Accelerated Life Tests (ALTs)

Fortunatelly enough: we cannot wait until the “units” fail...
... so we stress them with voltage, pressure, load, vibration stressors S1,S2,S3...

And each stressor has different levels of actuation, being Sj(0) normal stress

(0) (1) (2) (3) ( )kS S S S S  i l f t j 1 2( ) ( ) ( ) ( ) ( )...j j j j jS S S S S  in a general case for stressor j=1,2,... m
and levels until k

Design I Design II Design IIIDesign I
censoring type II

nj units are randomly
exposed to stress S

Design II
no censoring

nj units are exposed
to increasing stress steps S

Design III
no censoring

nj units are exposed
to increasing stress S(t)exposed to stress S to increasing stress steps S to increasing stress S(t)

The idea is to extrapolate to Sj(0)



Parametric models

Accelerated Life Tests (ALTs)

Let’s quantify our stress accelerated life tests...

a a e c ode s

q y
Now our functions are affected by stress, threfore:

Lifetime distribution function (CDF)    ; ;F t s P T t s 

Associated PDF    ; ;f t s P t T t dt s   

Survival function    ; 1 ;R t s F t s 

Failure rate    
 

;
;

:
f t s

t s
R t s

 
 :R t s



Accelerated Life Tests (ALTs)

Parametric modelsa a e c ode s

Exponential distribution under design I:p g

Functional proposals for the relation between stress and failure ratio:

  1 as s 
Power rule
• Dielectric breakdown of capacitors
• Fatigue testing

 
c

b

• Fatigue testing

Arrhenius model
 

b
ss ce 


Arrhenius model
• Themal aging
• Semiconductor materials

  ·
b

ss c s 
 Eyring model

• constant thermal stress



Accelerated Life Tests (ALTs)

Parametric models for Design Ia a e c ode s o es g

Design I
censoring type II, nj units are randomly exposed to stress S

Let’s calculate the values of a, c and λ

S(j): is the stress level
b f it t t d t t l l jnj : number of units tested at stress level j

rj : number of units failed under stress j
T j1 , T j2 ,  ... T jnj = lifetimes of the nj tested units
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  The total time in test is 
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As we have seen, Z follows a chi‐square distribution with 2rj degrees of freedom
  2 j

j jZ S T  j j

/ 2/ 2 1( ) jZkf Z A Z  We change variables from Z to T
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The likelihood thus read as:
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Assuming an exponential relationship
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We can now calculate the likelihood, the logarithm and minimize... obtaining

expected value for a expected value for c expected value for λ
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So, we have up to now ASSUMED the distribution f(t), but...
what if the distribution is not known???

Let’s assume that there are n units each failing at a time ti

First we have to distribute them inside boxes: binning
we must therefore decide the size of the binning!

• big bin size
• small error

• small bin size
• big error• small error

• few points
• big error 
• a lot of points



So, we have up to now ASSUMED the distribution f(t), but...
what if the distribution is not known???

Let’s assume that there are n units each failing at a time ti

Now we must see if the obtained curve is a gaussian, or exponential, or weibull...

EXAMPLE: exponential. Normally this is done with the cumulative distribution

  1 t
TF t e  

 Do the points follow the simple exponential law? or maybe a Weibull    1 t
TF t e

 



Fitting data: least squares
bxay 

Remember the goals:

bxay 

1.‐ Parameter estimation
2.‐Modelling (Hypothesis testing)

Goal: to minimize the “total distance” of n exp. points d1+d2+... dn to the model

or more seriously.... to minimize the following variabel that follows a χ2‐distribution
and therefore D is normally distributed around Hand therefore D is normally distributed around H
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Where Di are the data pints, and Hi are the model expected values (Hypothesis)

... since for n large a χ2‐distribution for point i tends to  a gaussian with σ2=n=Hi
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Fitting data: is the model right?
Let’s do the question again (more precisse):

•Is the χ2 arising after minimizationχ
•When assuming that the data are normally distributerd around the model (hypothesis)
•Following a χ2‐distribution of (as it should?)

Rule of thumb (or the joys of the χ2‐distribution) 

The χ2 should follow a χ2‐distribution with n‐m degrees of freedom
arising for the data (with n points)  and the model (with m=2 parameters)

For n data and 2 parameters μ=n‐m and therefore the calculated χ2 :

χ2≈(n-m)χ ( )
For this reason it seems reasonable to define a reduced χ2 that should be about one

2

1
2

2 



mnred




... for a good fit



“Hypothesis testing”
Kolmogorov‐Smirnov test: WE DO NOT NEED TO DECIDE A BINNING!!!!!Kolmogorov‐Smirnov test: WE DO NOT NEED TO DECIDE A BINNING!!!!!


2

222 )()(


 dfCDF
1.‐We calculate the cumulative distribution function CDF from the PDF

and the model 
0

)()(  f

2.‐We look at the maximum distance between the model and the calculated CDF

3.‐We look at the table for confience limits

D
( )CDF

confidence limit
( )CDF teoric

( )CDF data

number of 
data



S mmarSummary
1.‐ Bayes theorem
2.‐Maximum likelihood method2. Maximum likelihood method
3.‐ Estimation of reliability parameters from tests
4.‐ Confidence limits of parameters4. Confidence limits of parameters
5.‐ Accelerated life testing
6.‐ Determination of distribution models6. Determination of distribution models
7.‐ Empirical determination of survivor function
8.‐ Reliability growth8. Reliability growth
9.‐ Strength‐stress models



ok... but i don’t want to find a model. I want to directly the experimental CDF... 

For a non‐censored experiment this is quite easy!For a non censored experiment this is quite easy!

Let’s do it with the survival function R(t):
ti : is the lifetime of the unit i=1,2,3,... n

( ) 1 ( ) lifetimes tR t F t
n


  

1
n

It must go down from 1 to 0 in n steps, therefore each step MUST be of height 1/n



ok... but i don’t want to find a model. I want to directly the experimental CDF... 

KAPLAN‐MEIER estimator
y p

For a censored experiment is not that easy!

Let’s do it with the survival function R(t):( )

ti :  is the lifetime of the unit i=1,2,3,... n
(uj,uj+1]:  is an interval between uj and uj+1 small enough that only a ti falls into each interval

Let’s calculate R(t) at a time tm

         1 0 2 2| · | ·... |m m m mR t P T t P T u T u P T u T u P T t T u        

   
m

   
0

m m i
i

R t P T t P


  

 1 |i i iP P T u T u   1 |i i i



KAPLAN‐MEIER estimator
m

   
0

m

m m i
i

R t P T t P


  

 |P P T u T u  

The goal is to calculate Pi
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remember:
Intervals (u u ] are small enough so that maximum 1 failure occurs

1. If neither failure or censoring occurs Pi=1

Intervals (uj,uj+1] are small enough so that maximum 1 failure occurs

2. If censoring occurs, no recording of failures occur, and again Pi=1

3 Imagine that a failure occurs in (u u ]3. Imagine that a failure occurs in (uj,uj+1]. 
The number of units at risk before are nj
The number of units at risk after are nj‐1
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Therefore the intervals where no failure occur can be misregarded



KAPLAN‐MEIER estimator

1fnm n 

Therefore, R(t) will go down each time a component fail, and R(t) can be represented as:
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If more than on unit fails at interval i then if d units failIf more than on unit fails at interval i, then if dj units fail:
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KAPLAN‐MEIER estimator

EXAMPLE:
A test is carried out for n=16 units, obtaining the folloring failure times

31 7 39 2 57 5 65 0 65 8 70 0 75 0 75 231.7 ; 39.2 ; 57.5 ; 65.0 ; 65.8 ; 70.0 ; 75.0 ; 75.2 ; 
87.5 ; 88.3 ; 94.2 ; 101.7 ; 105.8 ; 109.2 ; 110.0 ; 130.0 

Calculate the survival function R(t)

1
n



KAPLAN‐MEIER estimator

EXAMPLE (same times as before):
A test is carried out for n=16 units, obtaining the folloring failure times

31 7 39 2 57 5 65 8 70 0 105 8 110 031.7 ; 39.2 ; 57.5 ; 65.8 ; 70.0 ;  105.8 ;  110.0 
Calculate the survival function R(t)The rest are censored tests



KAPLAN‐MEIER estimator

EXAMPLE (same times as before):
A test is carried out for n=16 units, obtaining the folloring failure times

31 7 39 2 57 5 65 8 70 0 105 8 110 031.7 ; 39.2 ; 57.5 ; 65.8 ; 70.0 ;  105.8 ;  110.0 
Calculate the survival function R(t)The rest are censored tests



S mmarSummary
1.‐ Bayes theorem
2.‐Maximum likelihood method2. Maximum likelihood method
3.‐ Estimation of reliability parameters from tests
4.‐ Confidence limits of parameters4. Confidence limits of parameters
5.‐ Accelerated life testing
6.‐ Determination of distribution models6. Determination of distribution models
7.‐ Empirical determination of survivor function
8.‐ Reliability growth8. Reliability growth
9.‐ Strength‐stress models



Reliability growth:
Engineering changes cause an increase of reliabilityEngineering changes cause an increase of reliability

Can be quantified:
• Cumulative number of failures as a function of time
• Failure rate h(t)=λ(t) as a function of time• Failure rate h(t)=λ(t) as a function of time
• Mean time between failures (MTBF) as a function of time

We need, in any case, a reliability growth model

Duane model (β>0)
t 

 

Exponential (β=0)

( ) tH t



   
 

Exponential (β=0)
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Duane model (β<0)
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Let’s find the parameters of the Duane model: Maximum likelihood

Duane model (β<0)
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Duane model (β>0)
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Calculating de likelihood, making the logariothm and minimizing:
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Let’s find the parameters of the Duane model: Least squares

Example:
Let’s calculate the parameters of the Duane analysis for the following data



Let’s find the parameters of the Duane model: Least squares
Let’s first do the figure:

Duane Model

Let s first do the figure:

linearized Duane ModelDuane Model
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linearized Duane Model

 ln ( ) ln lnH t t   
 

β<1 : reliability growth



Let’s now add MONEY
Imagine a system whose failure causes production stoppage:g y p pp g
• Failure costs Cr (include production stoppage)
• Complete overhaul costs Co (includes lost of production, replacement and labour)
What is the optimum overhaul policy?

( ) ( )r oC t C H t C The total cost is

# units that fail

cost total overhaul

cost to repair

And we just showed the Duane model for H(t)  
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Therefore , the cost/unit operating time is
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and we want o minimize this cost...
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 Therefore , the cost/unit operating time is

( )( ) C tt
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and we want o minimize this costand we want o minimize this cost...
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We solve the equation
dt

q

And we obtain that the optimal overhaul time isp
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The overhaul time increases with Co... since it is expensive to do, 
and increases with Cr, since if it is expensive is better to cahnge it

And the me is ∞ for β=1 (exponential)... therefore do never change



We can learn more looking at the cost/unit  operating time

when in doubt do it later!... when in doubt, do it later!



S mmarSummary
1.‐ Bayes theorem
2.‐Maximum likelihood method2. Maximum likelihood method
3.‐ Estimation of reliability parameters from tests
4.‐ Confidence limits of parameters4. Confidence limits of parameters
5.‐ Accelerated life testing
6.‐ Determination of distribution models6. Determination of distribution models
7.‐ Empirical determination of survivor function
8.‐ Reliability growth8. Reliability growth
9.‐ Strength‐stress models



Units fail when the stress is to high for their strength

L=Load apprlied to the unit

S= Strength of the unit

pp
Probability of failure:

   1F P L S f l dl


   
1S




Units fail when the stress is to high for their strength
but stress might also have a probability distribution Thenbut stress might also have a probability distribution. Then

L=Load apprlied to the unit

S= Strength of the unit

pp



To henance the reliability there are three option
• Shift apart stress and strength distributions• Shift apart stress and strength distributions

• Reduce the variability of stress

•Reduce the variability of strength (good quality controls!)



The problem is that strength varies over time
while stress does notwhile stress does not

A good qualityA good quality
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